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RATIOS OF STEADY-STATE RESPONSES TO VARIOUS 
TRANSIENT RESPONSES, BOTH HAVING EQUAL 
MAXIMUM EXCITATION LEVELS 

By Richard W. Faison 
Langley Research Center 

SUMMARY 

Presented herein are acceleration response ratios as determined by a single- 
degree-of-freedom system analysis for three types of commonly encountered transient 
excitations. The transient excitations are (1) a modulated sine wave of half-modulation- 
period duration, (2) a modulated cosine wave of a quarter-modulation-period duration, and 
(3) a damped sinusoid. 

Closed-form solutions for the acceleration responses are obtained by Laplace trans- 
form techniques. The ratio of maximum absolute acceleration response for the transient 
sinusoid to the maximum absolute acceleration response of a steady-state sinusoid having 
the same frequency is given. Numerical results are presented as the response ratios for 
various nondimensional parameters. 


INTRODUCTION 

The laboratory test procedures for sinusoidal and random excitations are well 
established. However, test procedures for transient excitations are not so universally 
accepted. In general, transient waveforms are difficult to reproduce on a shaker. The 
purpose of this paper is to set forth useful parametric data and procedures to adjust the 
test level of a particular steady-state sinusoidal excitation to yield maximum response 
amplitudes equivalent to those resulting from particular types of transient excitations. 
Specifically, the response ratios are given for three transient sinusoids which are similar 
to those frequently observed on flight records. The procedure is equally amenable to 
other types of flight transients. 

The data presentation of the responses of a single -degree-of-freedom system to 
transient inputs is generally given in the form of a response spectrum which exhibits peak 
responses depending on the intensity and shape of the transient input and on the resonator 
natural frequency. Response spectrum has been defined (ref. 1) as "a graphical presenta- 
tion of a selected quantity in the response taken with reference to a quantity in the 



excitation" and can be plotted as a function of a dimensionless parameter that includes 
the natural period of the responding system and a significant period of the excitation. 


A useful correlation between responses to transient and responses to steady-state 
inputs may be obtained by utilizing this definition of response spectrum, writing the 
response-to-excitation ratio in the form (R/E)t for the given transient output, and 
obtaining the corresponding ratio (R/E) ss for a steady-state sinusoidal excitation having 
an amplitude equal to the maximum amplitude of the transient excitation and having the 
same frequency. It should be noted that this statement requires that |Et|max = |Ess|max* 


Hence, the ratio of interest is 


(R/R)ss 

(R/E)t 


R ss 

where the subscripts 

R t 


ss and t denote 


steady-state and transient values. 


Response spectra resulting from various step and pulse functions have been pre- 
sented in references 1 and 2. A very brief response spectrum resulting from a damped 
sinusoidal excitation has been presented in reference 3. Response ratios for the three 
types of transients studied herein have been presented in reference 4 for the resonant case 
only, that is, for the case where the forcing frequency occurs at a natural frequency of the 
resonator. Also, the data presented in reference 4 were in the form of the ratio of peak 
response due to the transient input to the peak response due to steady input. 


SYMBOLS 


A amplitude constant 

a,b,c constants 

I( ) imaginary part of complex number 

j complex number, 

M,P phasor amplitudes 

p forcing frequency 

R( ) real part of complex number 

t time 

u overall displacement 
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x relative displacement 

a decay ratio of excitation function 

6 base displacement 

C damping ratio 

v modulating frequency of excitation function 

\p,4> phase angles 

co undamped natural frequency 

CO 3 damped natural frequency, co^l - ^2 

Subscripts: 

i variable 1, 2, 3, . . .7 (see table I) 

max maxi mum -maximum value 

ss steady -state value 

t transient value 

Dots over a symbol denote differentiation with respect to time. 

ANALYSIS 

The analysis contained herein is pertinent to a single-degree-of-freedom system 
with linear damping. The ratio of the absolute acceleration response of a given transient 
sinusoidal excitation to the absolute acceleration response of a steady-state sinusoidal 
excitation having the same frequency p as the transient sinusoidal excitation is to be 
determined. In addition, the ratios are developed on the basis of the maximum amplitude 
of excitation of the steady-state sinusoid being equal to that of the transient sinusoid. The 
coordinate system is shown in the following sketch: 
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vi t /A u t 

The ratio of the transient to steady-state response — = - — is given for three 

U ss/A u ss 

types of transient sinusoidal excitations: 



Modulated sine 
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From the system coordinate sketch, the equation of motion is 


x + 2£cnx + w^x = -6(t) (4) 

The desired absolute response is 

u(t) = 6(t) + x(t) (5) 

The solution of equation (4) for the prescribed excitations may be obtained by analytical 
procedures such as the method of undetermined coefficients, Laplace transforms, and 
procedures using an analog computer. The Laplace transform techniques have been 
selected for use herein to obtain closed-form solutions and are outlined in the appendix. 


Solution of Steady -State Excitation 

The steady-state response expressed as a ratio to the transient response is obtained 
from equation (4) by letting *6(t) = A sin pt. Equation (4) then becomes 


x + 2£wx + u>2x = -A sin pt 


Assume the initial conditions are x(0) = x(0) = 0; then 

x (P t )ss 


= -^2 s 4 ‘ • *0 


(6) 


(7) 


where the values of Pj and are given in table I, and only the steady-state portion 

without transients is considered. From equations (5) and (7), the desired absolute 
response, after simplifying, is written as 



( 8 ) 


This relation is utilized hereafter in establishing the appropriate maximum response 
ratios. 
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Response Ratio for Modulated Sine Excitation 

The equation of motion for a single-degree-of-freedom system with linear damping 
excited by a modulated sine wave of half-modulation duration is 


+ 2£o>x + co 2 x = -A sin vt sin pt 

(0 = t S tt/v) 

(9a) 

x + 2£cux + o> 2 x = 0 

(t > tt/v) 

(9b) 


The initial conditions are assumed as x(0) = x(0) = 0. By use of the trigonometric 
identity 

sin vt sin pt = cos£(p - 


^)t] - cos[(p + i/)t] 


the solution of equation (9a) can be expressed as 


2x(pt) _ e P/W 
A/u> 2 \Ji _ ^2 






and the solution of equation (9b) can be expressed as 
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where the values of Pj, i/q, and <p j are listed in table I and ti = aj 



and 02 = tt 


1 

v/v 



The absolute acceleration as given by equation (5) can be obtained 


from the second differential of equations (11) and (12) and from equation (1). The desired 
absolute acceleration response ratio is then obtained by dividing by equation (8). 



For time greater than tt/ v, the solution can be obtained by use of the Laplace shifting 
theorem 


-y- pt , 
u t (pt) _ e P/^ 


zLu jl 

Uss 2\/l-C 2 | 

1 + ( 

!• \ 


• Pti + i/q - 


1 . A/l - S 2 , 

+ sin[ -* — — pt^ 


P 2 \ p/a 


+ ^1 - 4> 2 


+ 20} - <f>2 


A - ? 2 

i 

f - ? 2 




i- sin P 1 Pti + 2i^i - 04 J - — sinl v x ptj 




+ 2i//j 


P 4 \ p/w 

— y— Pti 
+ sin. 


1 . fi/TTp 

■ — sin I — — — - a- 
P 2 \ p/co 




cos(ai - 0 5 ) 


+ FJ cos ( a 2 - <t> 3) 


^ Ptl ■ 

+ sin 




p/u) 


(t - l l) + 2^1 


E(l - 

p c sin^i - <f> 5 ) - sin(a 2 - 0 3 )|> 


pf 

l + r) 

coV 

+ P/ 


Pt> ^ (U) 


where the values of Pj 5 Mj, <p^, and i/q are listed in table I, and tj = 

ai = "(tTI + and ct 2 = rf4- - iV 


WP 


Vp 
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Response Ratio for Modulated Cosine Excitation 


The equation of motion for a single-degree-of-freedom system with linear damping 
excited by a modulated cosine wave with duration of one-quarter modulation period is 

x + 2 £wx + o> 2 x = -A cos vt cos pt jo = t S (15a) 

x + 2?cjx + co 2 x = 0 ^t > (15b) 


The initial conditions are assumed as x(0) = x(0) = 0. By using the trigonometric 
identity 


cos vt cos pt = — cos^(p - f)tj + — cos [(P + ^)t] 


and noting the similarity to equation (10), the acceleration response ratio for the modulated 
cosine excitation can be written immediately as 
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and 


“ss 




2\jl - 



— sin i ~ ^ pti + - 04) — — sinl- — — 

P 4 p/w P 2 \ P/“ 


VT^ 


pt x + - <t > 2 




ji - sf 


p/w 


p(t - h) + * 1 


^ sin r^ ptl + 2xpl “ **) + ^ sin S^ pt i + 2,// i - *2 


1 

sm 


1 - r 

p/u) 


-2^! 


-fpt! 

• eP /w sinl 




■ J- cos^j - <#>5) ~ cos(cr 2 • 


P P/W 


PH 


sin 

\t - s 2 


p/oj 


p(t - t,) 


■ 2«//i 


Mi! .,4 


? 5 V 


PA - ^ 

^1 - ^5) + — p - singer. 


pt>-M (18) 
2 v/pj 


where the values of P^, M^, and t/q 

1,3 = 1(175 +i ) ,and ° 4 "2(575 ' *)■ 


are listed in table I and ti = — - — , 

2^/p 


Response Ratio for Damped Sinusoidal Excitation 

For a single-degree-of-freedom system excited by a damped sinusoidal accelera- 
tion, the equation of motion is 


x + 2 %cox + o>2x = -Ae 


'^sin pt 


(19) 


For the initial conditions x(0) = x(0) = 0, the following solution is valid except when 
op = £o> and p = 


x(pt) 

A/o> 2 


-g 

P. e P/w 

U) 


pt 


cos 


1 - ? 2 P f 


p/w 


pt 



e'^cos^pt - 07 ) 
(p/cu) 2 P 7 


(20) 


where the values of Pj and are listed in table I. The absolute acceleration as 
given by equation (5) can be obtained by the second differential of equation (20) and 
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equation (3). The desired absolute acceleration response ratio is then obtained by 
dividing by equation (8). 



Digital Computation 

The closed-form solutions of the absolute response ratio u^y/u ss as given by 
equations (13) and (14) for the modulated sine excitation, by equations (17) and (18) for 
the modulated cosine excitation, and by equation (21) for the damped sinusoidal excitation 
have been programed for digital computation. The maximum-maximum values of these 
equations given in terms of the dimensionless time parameter pt were determined. 

The dimensionless time increment chosen was based on one-sixteenth the time period of 
co or -p, whichever was the higher in frequency. Also, note that the reciprocals of 
maximum -maximum values as determined by equations (13), (14), (17), (18), and (21) are 
the values plotted in the figures. 

RESULTS AND DISCUSSION 

Because of the number of parameters involved in the response ratio, the results 
are difficult to depict concisely. For example, the response ratio resulting from a mod- 
ulated sine excitation as given by equations (13) and (14) is a function of four independent 
parameters £, v/p, p/co, and pt as shown in the following sketch where £ and v/p 
can assume any assigned value 



p/<*> 
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Because the maximum of the response ratio u ss |iit is desired, and not the time histo- 
ries, the parameter pt has been eliminated in depicting the results. 

The modulated sinusoids involve a variety of transient waveforms as the parameter 
v/p varies from 0 to 1.0. When v/p = 0, that is, the modulation period is infinite, the 
modulated sinusoid becomes a steady-state excitation. For v/p = 1.0, the modulated 
sinusoid takes the form of sin 2 pt = 1 - cos 2 pt, and resembles the shape of a bell pulse. 
These waveforms, as well as many intermediate ones, are depicted in figure 1. The 
damped sinusoid includes another parameter in terms of the damping rate of the forcing 
function which is independent of the resonator damping. 

Presentation of Numerical Results 

The time histories of a modulated sine excitation and corresponding responses of a 
single-degree-of-freedom system as determined by analog computer are presented as 
figure 1. The analog procedure, although not used as the primary means of solution, is 
convenient for examining graphically the time histories of the transient responses. Fig- 
ure 1 shows that (1) the steady-state response as used herein does not include transient 
contributions, (2) the maximum amplitude of the steady-state excitation is the same ampli- 
tude as that of the transient excitation, and (3) the steady-state excitation and the transient 
excitation are of the same frequency p. 

The response ratio u S s/^t f° r the modulated sine excitation is shown as figure 2 
for an extended range of modulation parameters. Note that for the resonant case 
p/co = 1.0, the ratio is significantly greater than that for the off-resonance case. 

From figure 1 it can be seen that although all the depicted excitations are modulated 
sines for values of v/p between 0.1 and 1.0, it becomes difficult to visualize these exci- 
tations as modulated sinusoids. The application of the modulated sine excitations gen- 
erally would be limited to values of v/p less than 0.1 because of the loss of identity of 
the modulated sine excitations for values of v/p greater than 0.1. For the modulated 
sine excitation, the response ratios are given in figures 3(a), 3(b), and 3(c) for the cases 
of modulation to forcing frequency v/p of 0.02, 0.06, and 0.1, respectively. In figure 3 
the variation of the response ratio is given for system damping values of £ = 0.001, 

£ = 0.01, and £ = 0.1. Figure 4 shows the effects of the parameter v/p on the response 
ratio for a damping of £ = 0.01. 

The variation of the modulated cosine response ratio ti S s /tij- as the modulation to 
forcing frequency v/p is varied between the extremes 0 to 1.0 is given as figure 5. Fig- 
ure 5 is analogous to figure 2, where the excitation is a modulated sine. For the reso- 
nance case p/ct) = 1.0 the response ratio is significantly greater than the off-resonance 
case. 
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The response ratio resulting from a modulated cosine excitation is shown in fig- 
ures 6(a), 6(b), and 6(c) for a given modulation to forcing frequency v/p of 0.02, 0.06, 
and 0.1, respectively. In figure 6, the variation of the response ratio is given for system 
damping values of £ = 0.001, £ = 0.01, and £ = 0.1. Figure 7 shows the effect of the 
variation of the parameter v/p on the response ratio for a damping of £ = 0.01. 

Figures 8 and 9 show the values of the response ratio tiss/uj- ^ or a damped sinus- 
oid excitation. The effect of system damping is shown as figure 8 for the excitation 
decay parameter a - 0.03 and values of system damping £ of 0.001 and 0.1. The 
curve for £ = 0.01 is hardly discernible from the curve for £ = 0.001 except at the 
resonant point p/u) = 1.0; consequently, only the maximum value at the resonant point is 
noted for £ = 0.01. The effect of excitation decay parameter a on the response ratio 
is shown in figure 9 for a system damping of £ = 0.01. The response ratios shown in 
figure 9 are given for a = 0.01 and a = 0.05, and only the response ratio at resonance 
is shown for a = 0.03. 


Assumptions and Limitations 

The derivations and the procedure considered herein are based on the idealized 
conditions of a single-degree-of-freedom system subjected to explicit excitations. Dis- 
cussions of the interpretation of flight transient data, philosophies of testing, and ratio- 
nales involved in determining whether a complex structural assembly can be represented 
adequately by a single-degree-of-freedom system are beyond the scope of this paper. It 
is left to the reader to determine whether the explicit transients considered herein could 
serve as an appropriate approximation for his particular situation. It is also assumed 
that the structural assembly exhibits structural resonances sufficiently separated to allow 
the modal contribution to be considered to be composed of entirely one mode; thus the 
behavior of a single-degree-of-freedom system is exemplified. 

The following application section utilizes a method of determining the steady-state 
amplitude input to obtain magnitudes of acceleration equal to those which could be experi- 
enced by the resonator due to the transient input when both the transient and steady-state 
inputs have the same frequency p. Obviously, in practical application the time duration 
of such a test would subject the resonator to many more cycles of oscillation than the 
short-duration transient would. From a stress-cycle standpoint, such steady-state testing 
for transient simulation is certainly more severe than transient testing and hence is 
inherently a conservative procedure. The large number of oscillations inherent in a 
steady- state excitation test should be considered for systems in which fatigue failures 
are likely. 
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Application 


The application of the results given herein are explained and presented as example 
problems. 

Example 1 .- What amplitude of steady-state sinusoidal excitation would be neces- 
sary to obtain a response equal to the maximum response amplitude due to a given tran- 
sient sinusoidal excitation, both excitations having the same frequency p? 

Solution: The maximum steady-state acceleration output is to be equal to the maxi- 

mum transient acceleration response. By definition 

^^(s ss ) = Output steady state 
^ss 


^(sV) = Output transient 

V } 


Equating these terms yields 



Dividing by the right-hand side yields 



The term 



is precisely the response ratio as determined by the analysis pre- 


sented herein, the steady-state and transient input level being equal, and has been denoted 
as u ss /iij.. Then 


S t 

Sss = ~ pr- 

u ss/ u t 


where the transient and steady- state frequencies p are equal and the amplitudes are 
maximum-maximum values. 

Example 2.- The observed torsional acceleration response at the base of a payload 
section was a transient consisting of a modulated sine of half-modulation-period duration 
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with a ma ximum magnitude of 32.5 rad/sec 2 . The modulation and forcing frequencies 
were 877 rad/sec and 1347r rad/sec, respectively. The structural payload frequencies 
were 11877 - rad/sec and 22277 rad/sec for the first and second torsional modes, respec- 
tively. What level of steady-state excitation would yield equivalent maximum accelera- 
tion amplitudes in the payload? 

Solution: It is assumed that the 22277 rad/sec excitation is sufficiently removed 
from the 13477 rad/sec excitation (that is, in comparison with II 877 rad/sec) to be unaf- 
fected. The pertinent information is then 

P _ 13477 _ 1 14 
« 11877 


¥. = 877 

P 13477 


0.06 


£ = 0.01 (payload damping estimated) 
6 t = 32.5 rad/sec 2 


From figure 3(b) 

^ = 0.497 
ut 


then 


g = 32. 5, rad/sec 2 = 65 39 rad / se c2 
ss 0.497 

Thus, a steady-state excitation at a level of 65.39 rad/sec 2 and a frequency of 

13477 rad/sec would produce a response equivalent to the maximum level produced by the 

transient excitation. 


CONCLUSIONS 

In applying a steady -state sinusoidal excitation to obtain an equivalent maximum 
response such as that which would result from a given transient sinusoid, the following 
observations have been made 
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(1) The steady-state input amplitudes are highly dependent upon the ratio of tran- 
sient frequency to system natural frequency. The required steady-state excitation is 
generally higher than the maximum transient input excitation for the off-resonant case. 

(2) For the off-resonant case, system damping is less critical than that for the 
resonant and near-resonant cases in determining the steady-state excitation amplitude. 

(3) The steady-state excitation as proposed herein, although it yields responses 
equivalent to the transient excitation, subjects the resonator to many more cycles of 
oscillation than the short-duration transient would and is therefore a conservative 
procedure. 

Langley Research Center, 

National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., October 9, 1968, 

124-08-05-25-23. 
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APPENDIX 


LAPLACE TRANSFORM TECHNIQUES FOR FACTORS HAVING COMPLEX 

CONJUGATE ROOTS 

Although Laplace transform techniques are widely used, some of the features used 
to facilitate the solutions in this report are summarized in this appendix. 

A general form of a transform *£( ) is given as 


^(x) = 


(s 2 + p 2 ) (s + £w) 2 + COjJ 2 


(s + jp) (s - jp) 


(s + ? 0 >) + ju> d 


(s + £ o>) - ju> d 


(Al) 


where s is a Laplace transform operator. 

The four poles of relation (Al) consist of two roots of complex conjugate pairs, for 
each of which exists a complex conjugate solution, the sum of their imaginary parts 
equaling zero. Each conjugate pair thus yields a solution which is equal to twice the real 
part of either one of the pairs. However, an expedient solution is obtained by the use of 
the following identity, where NeJ^ is any complex number 





= ilNe^e^ 


(A2) 


Expanding equation (Al) into partial fractions utilizing the method of Heaviside and also 
considering only the real parts yields 


x(t) = 2R 


jpe 


,jpt 


2jp 


^ + 2R 


+ jio d ) 


^-Cw+jwjt 


(?u> + jp) 2 + w d 2 


2 J w ri 


(-Cu> + jw d ) 2 + p2 


= R 


jjpt [ r (-gq> + ja» d )e(-^+3^d)t 


(?w + jp) + jco d + jco d ) 2 + P 2 


(A3) 
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APPENDIX 

Equation (A3) can be differentiated twice with respect to time to yield 


x(t) = R 


- p 2 e iPt , (-to, ♦ j l , d ) 3 e(-?" + j“cl)t 


(?co + jp) 2 + w d 2 co d + jw d j 2 + p 2 j 


(A4) 


where identity (A2) has been used on the last term. The phasors given in equations (A3) 
and (A4) can be written in terms of an amplitude and a phase relation as 

(a + jb) 2 + c 2 = \j( a 2 - b 2 + c 2 ) + (2ab) 2 e^ (A5) 

where 


(p = tan - l 


2ab 


- b 2 + 


(A6) 


Let 

P = ^(a 2 - b 2 + c2)^ + (2ab) 2 (A7) 

then 


Similarly, 


where 


and 


(a + jb) 2 + c 2 = Pe^ 


a + jb = Me^ 

\fs = tan" — 
a 

M = \ a 2 + b 2 


(A8) 


(A9) 


(A10) 


(All) 
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APPENDIX 


Let the constants a, b, and c of equations (A5) to (A8) assume the values: 


aj = 

a 2 = 

00 

II 

o 

bi = P 

b2 = w d 

b 3 = w d 

ci = 0) d 

c 2 = p 

c 3 = 


let the constants a and b of equations (A9) to (All) assume the values a^ = -£a> and 
bi = u> d ; then, equations (A3) and (A4) can be written in terms of subscript phasor ampli- 
tudes and phases as 


x(t) 

x(t) 


cosjpt - <Pi) + e‘? wt sin^ d t + - 0 2 ) 


M 1 S e"? wt 


— - cos(pt - <Pi) + — — — - sin^) d t + 31//! - </> 2 ) 


(A12) 

(A13) 
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TABLE X.- PHASOR CONSTANTS 
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8(t) 


v/p 

6(t) 


M 

u 


v/p 




DO 


Figure L- Typical analog response curves for a simple mass system forced by a modulated sine function for £ = 0.01 and p/w = 1.35. 6(t) = A sin pt sin vt. 




















(c) v/p = 0.10. 


Fiqure 6.- Concluded. 
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